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Introduction
Consider a two-dimensional real signal u(x), x,) defined in the Cartesian signal plane

x=(x1, x») and its Fourier spectrum defined by the integral

U(f, f)= = Flu(xi, x2)] = [; ﬂu(xl,xz)exp[- jzﬁ(xlfl +x, /5 )] dx, dx, (1)

The quaternionic spectrum is defined by the integral

Uq(fi, f2) = Foluer, )1 = [ [ ulx,x,)exp(-i27f,x, )exp(- j2af,x ) dxdr, — (2)

It applies two imaginary units i and j, each equal sqr(-1) in comparison to a single unit j in (1).
Let us remind that the Fourier Cartesian frequency plane f= (f, f2) consists of four quadrants

depicted in Fig.1. The multiplication of the spectrum U(f}, f,) with the operator
4 f
2

> fi

Fig.1. The four quadrants of the plane (f}, f2)

[1+sgn(f1)] [1 + sgn(f2)] yields the single-quadrant spectrum of the analytic signal with the
support in the first quadrant. The inverse Fourier transform of this spectrum yields the
following form of the analytic signal [1], [2]
wi(x1, x2) = ulxy, x2) - v0xy, x2) Hj[vi(xn, x2) + va(xn, x2)] = Ai(x, x2) exp[ Di(x1, x2)] - (3)

Similarly, the multiplication with the operator [1 + sgn(f;)] [1 - sgn(f2)] yields a single-
quadrant spectrum with the support in the third quadrant. The inverse transform yields the
analytic signal

wa(x1, x2) = u(xy, x2) +v(xn, x2) Hj[vilen, x2) - va(x1, x2)] = Ao(xy, x2) exp[Do(xy, x2)]  (4)
which differs from y, only by signs. Here the function v(xj, x;) is the total Hilbert transform
of u(xj, x2). The functions v,(x;, x;) and v,(x), x7) are partial Hilbert transforms with respect to
x1 or x; (see Appendix). Due to the Hermitian symmetry of the Fourier spectrum U(f, f>) the
real signal can be reconstructed from the half-plane spectrum, for example the half-plane f; >
0. The reconstruction formula is

u(xl, Xz) = 0.5[A1COS( @1) + AzCOS( @2)] (5)



We observe, that the real signal u(x;, x,) should be reconstructed from the sum of two analytic
signals wi(x), x2) + ws(xy, x2). It is so, since the two amplitudes and phase functions are

different. They are given by the formulae

A, :\/u2+v2+v12+v22+2(v1v2—uv) ; A, :\/u2+v2+v12+v22—2(v1v2—uv) (6)
tan(®, ) = NtV ; tan(®, ) = N (7)
u—v u+v
that is,
+ +
D, = Arctg(uj ; Q, = Arctg(ﬁj (8)
u—v u—v

The notation by capital A indicates the multi-branch character of the arctg function. We
observe, that the amplitudes A; and A, differ by the factor 2(vv; -uv). The energies of the

analytic signals w1(x;, x2) and ys(xy, x,) are given by the formulae

Bi= [ [ Aldedy, 5 Es= [ [ Ajdvdy, ©)
Evidently, the energy difference is given by the formula [4]
AE=E;-Es=4 [ [ (vv, —uv)dx,dx, (10)
Let us introduce the notion of NED- the Normalized Energy Difference given by the equation
NED = AE/(E; + Ey) (11)
Separable 2-D signals
A separable 2-D signal has the form of a product of 1-D signals, that is, u(x, x2) = f1(x1) f2(x2).

For separable signals the factor 2(vv; -uv) equals zero. Therefore, both amplitudes are equal

and given by

A=A =A, =’ +V2 +v} +v2 (12)

and the corresponding analytic signals are also separable:

pi(x1, x2) = Aexp{j[@i(x1)+ @2(x2)]} (13)
ws(x1, x2) = Aexp{j[@i(x1)- @2(x2)]}, (14)

that is, the phase functions (8) have the form
Di(x1, X2) = Pr(x1)+ Pa(x2) ; Ds(x1, X2) = @1(x1)- Pa(x2) (15)

where @i(x;) = Tan™'(g1/f}) and @y (x,) = Tan™\(g2/f5), g1, g» are the 1-D Hilbert transforms of
f1, /2 . Of course, due to the Parseval’s theorem for separable signals the spectral energy in all

quadrants of the Fourier plane is the same.



The quaternionic complex signal
The quaternionic complex signal is defined [3] by the inverse quaternionic Fourier transform

of the quaternionic spectrum in the first quadrant and given by the formula

Yo, x)=u+ivi+jwm+kv ; ij=k (16)
and in the polar form by
Wa(x1, x2) = Aq exp(igh) exp(jh) exp(k), (17)
that is, by a single amplitude given by (12) and three phase functions given by the equations
Z(uv + vy ) 2(uv +wy )
tan(2¢. ) = ! 2 ; tan|2¢. )= 2 ! 18
(4) u’ —v; +vi —v* (¢J) u’ +v) —vi—v* (18)
. 2uv—vv
sin(24,) = % (19)
q
Therefore,
2 2
6. = 0.5Atan{ . (uzl +\;V2) 2} ; ¢, =0.5Atan| — (ux;z +\;v1) 2} (20)
u —v, +v, —v u” v —vy =y
ol -
b, = 0.5Arcsin{(uv—2‘}1‘}2) 1)
A
Derivation of the relations between the phase angles of the analytic signals and
quaternionic complex signals.
The insertion of the Eq.(19) in (6) yields the relations between the amplitudes:
A, = A 1+sin(2g, 5 A, = A 1-sin(2¢, (22)
Therefore,
AP+ A
A, = ,/% (23)
AT —A2 AT —A2
sin(2¢, )= ———=% ; = (0.5arcsin| ———= 24

The above formula shows, that the angle ¢ (-n/4, n/4) and the values +n/4 occur only, if A,
or A; equal zero. For natural images the probability that one of the amplitudes vanishes is
very small. The addition of the tangent functions given by (18) yields

2uv, +vv,)= (u 2 —y? ltan(d?l )+ tan(a, )] (25)
and the subtraction

2uv, +w,)=u” = v* Jtan(@, ) - tan(@, )] (26)



Therefore, the phase functions of the quaternionic complex signal are related to the phase
functions @; and @, by the equations
1

= | =
tan(2¢i) [tan(@l)+ tan(@2 )Jl+ (v22 - 12)/( 7 vz) tan(@; + @,) (27)
_ - 1 ! _ i
tan(2¢j) [tan(@, ) - tan (e, )Jl o e =) tan( D, - @) (28)
and we get the simple relations
$=05(D + &) $=0.5(D - D) (29)

The energy difference defined by the Eq.(10) may be written using the Eq.(19) in the form
AE=2[ [ A2sin(2¢, )dx,dx, (30)

For separable signals or for signals with circular symmetry ¢ equals zero and AE = 0.
Let us mention, that separability is relative in respect to the rotation of the coordinate system.
A signal separable in a non-rotated coordinate system may be non-separable in the rotated

system. For separable signals the phase functions given by Eq.(29) take the form

h=o; $=0. $h=0 (31
For quaternionic signals the reconstruction formula ( see Eq.5) nas the form
u(xy, x2) = Ag[cos(g) cos(¢) cos(d) -sin( ) sin(g) sin(gk) 31)
Example 1
Consider a real signal in the form of a product of two cosine functions
u(xy, x2) = cos(2mfix1) cos(2mfaxz) (32)
The corresponding analytic signal defined by the Eq.(3) is (33)
yi(x1, x2) = exp[2n(fix: +f2x2)] = exp(jér) exp(j ) (34)

Evidently, ¢ = 2nfix 1+ 2nfox; and ¢, = 2nfix—2nfoxo. We have A=Ay =1, ¢=2nfix1, 4=
2nfrx, and of course ¢ = 0. The phase functions are displayed in Fig.1.

Fig.1a. The phase functions of the analytic signal: Left @, , right @&..



Fig.1b.The quaternionic phase functions: Left ¢, right ¢,.
Example 2
Consider the 2-D complex delta distribution [5]

Ws (x1, x2) = [8(x1) + j(1/(mx1) |®[8(x2) + j(1/(7x2)] (35)
where ® denotes the tensor product of distributions. Let us omit this symbol in next notations.
The local amplitude has the form

As (x1, x2) = 1}y [xal) (36)
And the phase functions are
D(x1, X2) = @i1(x1)+ @a(x2) = 0.5msgn(x;) + 0.5msgn(xy) (37)
Let us remind, that the 2-D analytic signal (3) may be written in the convolution form
wi(x1, x2) = u(x1, X2)** s (x1, X2) (38)
Let us define the quaternionic complex delta distribution
Woq (X1, X2) = 5 (X1, X2) +i8(x2)/(xy) + j8(x1)/(x) + k[ 1/(mx1x)] (39)
The local amplitude is given by the Eq.(36), and the phase functions are
#(x1, X2) = @i(x1) = 0.57sgn(x1) 5 (X1, X2) = ¢(X2) = 0.5msgn(x,) (40)
Analogously to (38), the quaternionic complex signal (16) may be written in the convolution
form
Wa(x1, x2) = u(x1, X2)%* Ysq (x1, X2) (41)
Example 3

This example is illustrated only by images.
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The amplitude A, of the analytic signal The amplitude A, of the analytic signal y;

The phase function @ of the analytic signal The phase function @, of the analytic signal y;
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Reconstruction from analytic signals, Eq.(6) Quaternionic reconstruction, Eq.(31)

The original signal is non-separable. In consequence the quaternionic phase ¢k (see Eq.24)
differs from zero. However, the quaternionic amplitude A, (see Eq.(23)) does not differ much
from the two amplitudes A; and A ; of the analytic signals y; and 3. Remark: The phase

jumps of the presented phase functions are not removed



Conclusion

A real signal may be represented by two analytic signals, that is by two amplitudes and two
phase functions or alternatively by a single quaternionic complex signal, that is, by a single
amplitude and three phase functions. We derived very simple formulae relating the
quaternionic and analytic representations of the above amplitude and phase functions.
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Appendix
Consider a 2-D real signal u(x, x7). Its total Hilbert transform is defined by the integral

0

(xvxz) H[u(xwxz)] —P ””(nl’ﬂz)dmdm (AD)
o0 771 xl)(772 _xz)

where P denotes the Cauchy principal value of the inegral. The partial Hilbert transform in respect to

the variable x; is defined by the integral

Vl(xl’xz) H [”(xl:xz P Iu(nl’XZ)dﬁl (A2)

_xl

and in respect to the variable x;, by the integral

1.7 ,
vz(xl,x2)=Hz[u(xl,xz)]=—;P J.Mdnz (A3)



