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ABSTRACT 

 

The paper presents basic results of the preliminary research 

concerning application of quaternion polar representation in 

analysis of colour images. Three test images (RGB) of di-

verse complexity have been examined. In the hypercomplex 

domain they are represented by a normalized reduced qua-

ternion. Its polar form is given by Euler’s angles defined 

according to the XZY–convention. The quaternion polar 

form has been used to observe the effects of changes in 

brightness of test images. The measure of this deformation 

is the difference between Euler’s angles of distorted and 

original images. The paper is illustrated with numerous 

figures. 

 

Index Terms— quaternion polar representation, Euler’s 

angles, RGB images, brightness
 
 

 

1. INTRODUCTION 

 

Quaternions form the algebra of order 4 over the real 

numbers field  . Sangwine was the first to interpret the 

vector part of a quaternion in terms of three components: R 

(red), G (green) and B (blue) of a colour image [1]. This let 

to develop some advanced methods of decomposition and 

compression, pattern recognition, edge detection [2–7], as 

well as to elaborate novel hypercomplex filtering and wa-

termarking methods [8–11]. In the last few years quarter-

nions have also proliferated into domain of the wavelet 

transformation [12–13]. They provide a convenient notation 

for representing movement of a rigid body in 3-D space. In 

consequence, they are effectively applied in computer 

graphics, computer vision and robotics, astrophysics and in 

theoretical physics [14–18].  

Having in mind the expected future applications of 

quaternions in correction of colour images, this paper is 

devoted to analysis of the influence of brightness changes 

on quaternion polar form of colour images. The next section 

presents the theoretical basis of the research. 

 

 

                                                 
 

 

2. THEORETICAL BACKGROUND 

 

Consider a colour (RGB) image written as a reduced qua-

ternion 

            (1) 

where   represents a red component,   – a green one and 

  – a blue one. The imaginary units       satisfy Hamiltoni-

an multiplication rules [19]. The norm of (1) is given by 

              . (2) 

In colour image analysis, we apply reduced normalized 

quaternions of norm equal 1, i.e., 

       
 

   
 

        

         
            . (3) 

According to the XZY-convention, the normalized quarter-

nion        (of norm =1) can be represented in an equiva-

lent polar form [20] as follows 

                 (4) 

where                                    are 

Euler’s angles. This convention describes rotation of the  

3–D Cartesian coordinate system         by angles       

around axes           respectively. The matrix      of 

this rotation is 
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Its equivalent form expressed in terms of imaginary compo-

nents of (1) is 
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Comparing (5) and (6), the relations are following: 
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The above Eqs. (7)–(15) serve to develop three Euler’s 

angles in terms of    –components as follows 
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, (17) 
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Reciprocally, from (7)–(15) we can derive reconstruction 

formulas for components  ,  ,   of colour images, as fol-

lows 
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3. DESCRIPTION OF THE EXPERIMENT 

 

A test RGB image (original) has been lightened or darkened 

to get a “distorted” image (R’G’B’) as shown in Fig. 1. Both 

images are respectively represented by quaternions   and    
of the form (1). Then, using (16)–(18), the difference be-

tween Euler’s angles  ,  ,   of both images is calculated 

and visualized in the form of images.  

 

4. TEST IMAGES 

 

Having in mind their diverse complexity, three test images 

have been chosen. The first one “simple.bmp” (I) (Fig. 2a) 

represents a palette of 27 colours with RGB-values from a 

set {0, 128, 255}. For convenience, all colours have been 

enumerated with successive numbers from 1 to 27. We see 

that for        , we have a black colour (No. 1), 

while           represent a white one (No. 27). 

The same colours appear in the test image II “rainbow.bmp” 

(Fig. 3a) showing a series of ribbons with well visible edges 

and shadows. The last test image III “swan.bmp” (Fig. 4a) is 

a real colour picture representing a swan’s head. All images 

have been lightened (Figs 2b, 3b, 4b) and darkened (Figs 2c, 

3c, 4c) by subtracting or adding 60 to RGB-values of each 

pixel. Then, the influence of these changes on phase angles 

      of a given image has been studied. In the next Sec-

tion, let us present the results of this experiment. 

 

 

Fig. 1.  Scheme representing the experiment. 

 

 
(a) The original image 

 
(b) The lightened image 

 
(c) The darkened image 

Fig. 2.  Test image I “simple.bmp”. 



 
(a) The original image 

 
(b) The lightened image 

 
(c) The darkened image 

Fig. 3.  Test image II“rainbow.bmp”. 

 
(a) The original image 

 
(b) The lightened image 

 
(c) The darkened image 

Fig. 4.  Test image III “swan.bmp”. 

5. EXPERIMENTAL RESULTS 

 

Using the computer program elaborated in Matlab and the 

theoretical formulas (16)–(18), the values of Euler’s angles 

 ,  ,   representing three phases of a colour image have 

been calculated.  

 

5.1. Influence of changes in brightness on the angle   

 

Studying the influence of lightening of the test image I (Fig. 

2a) on the angle  , the biggest difference has been noticed 

for colours No. 1, 13 and 25. While the image was dark-

ened, the changes appeared visibly for colours No. 6, 8, 17, 

23, 24. The same property has been observed for more com-

plicated images (II, III). Next Figs 5 and 6 show the influ-

ence of the brightness changes on the angle  . For the light-

ened image, the values of the phase   oscillated between –

0,55 and 0,65 [rad]. The change of brightness affects most 

the angle   for green and yellow colours (Fig. 5). For the 

darkened image, the biggest difference between phases 

(equal –1,5 rad) has been noted for the shadow part between 

rose and violet ribbons. Similarly, the value of   decreases 

by 0,5[rad] for the shadow part between light blue and green 

ribbons of the original image. 

 

 
Fig. 5  The influence of lightening on the angle    

of the test image II 

 
Fig. 6  The influence of darkening on the angle    

of the test image II 

Next Fig. 7 shows the influence of the lightening on the 

phase angle   of the test image “swan.bmp”. The difference 

is especially noticeable for red colours of the original image. 

The darkening of the image (Fig. 8) influences considerably 

the background part of the original image. We also observed 

the slight shadows, not visible in the original black back-

ground (Fig. 4a). 

 



 
Fig. 7  The influence of lightening on the angle    

of the test image III 

 
Fig. 8  The influence of darkening on the angle    

of the test image III 

 

5.2. Influence of changes in brightness on the angle   

 

The lightening of the test image “simple.bmp” influences 

most the angle   for colours No. 1, 4, 10. In the darkened 

image, the biggest difference has been observed for colours 

No. 16, 22 i 26. Observing the influence of the lightening of 

the test image II on  , we see that it affected all colours, 

especially in the shadow regions of the original image. Let 

us suppose that this property could serve to eliminate redun-

dant shadows in the original image. Differently, the darken-

ing of the test image II affected most the green  

colours (see the top right part of Fig. 3a), as shown in Fig. 9. 

For other colours, the differences between phase angles   

were approximately zero. Let us also notice that, contrary to 

Fig. 6, the edges representing transitions between successive 

rainbow colours are well visible in both cases. The lighten-

ing of the test image III affected the whole image, as it is 

seen in Fig. 11. However, the most dynamic change is ob-

served for the black background of the original. It is not 

observed in the case of darkening (Fig. 12). 

 

 
Fig. 9  The influence of lightening on the angle    

of the test image II 

 
Fig. 10  The influence of darkening on the angle    

of the test image II 

 
Fig. 11  The influence of lightening on the angle    

of the test image III 

 
Fig. 12  The influence of darkening on the angle    

of the test image III 

 

5.3. Influence of changes in brightness on the angle   

 

Testing the changes in   for “simple.bmp”, it has been 

noted that colours No. 1, 13 and 25 are the most sensitive on  

lightening, similarly as it was described in Section 5.1. For 

the darkened image, the biggest differences between phases 

was observed for colours No. 17, 20 and 23. The Fig. 13 

shows the difference between phase angles   of the original 

and lightened image “rainbow.bmp”. The curve separating 

“warm” and “cold” colours has appeared. Differently, in 

Fig. 14 we notice the slight influence of the darkening on 

the violet colour. Comparing the effects of lightening (Fig. 

15) and darkening (Fig. 16) of the test image “swan.bmp”, 

the well visible contour of the swan’s neck in the last case is 

noticed. Differently, on Fig. 15 the neck is completely fused 

with the background.  

 
Fig. 13  The influence of lightening on the angle    

of the test image II 



 
Fig. 14  The influence of darkening on the angle    

of the test image II 

 
Fig. 15  The influence of lightening on the angle    

of the test image III 

 
Fig. 16  The influence of darkening on the angle    

of the test image III 

 

5. SUMMARY 

 

The results of the preliminary research concerning the influ-

ence of different changes in colour images on its phase 

angles have been presented. It has been observed how the 

phases of a colour image represented as Euler’s angles react 

on brightness changes. Some interesting observations have 

been made that can be useful in colour image correction or 

in spectrometry.  
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